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Abstract. An acute look at basic facts concerning unbounded subnormal 
operators is taken here. These operators have the richest structure and are 
the most exciting among the whole family of beneficiaries of the normal ones. 
Therefore, the latter must necessarily be taken into account as the reference 
point for any exposition of subnormality. So as to make the presentation more 
appealing a kind of comparative survey of the bounded and unbounded case 
has been set forth. 

This piece of writing serves rather as a practical guide to this largely impene- 
trable territory than an exhausting report. 



We begin with bounded operators pointing out those weU known properties 
of normal and subnormal operators, which in unbounded case become much more 
complex. Then we arc going to show how the situation looks like for their un- 
bounded counterparts. The distinguished example of the creation operator coming 
from the quantum harmonic oscillator crowns the theory. Finally we discuss an 
open question, one of those which seem to be pretty much intriguing and hopefully 
inspiring. 

By an unbounded operator we mean a not necessarily bounded one, nevertheless 
it is always considered to be densely defined, always in a complex Hilbert space. If 
we want to emphasis an operator to be everywhere defined we say it is on, otherwise 
we say it is in. Unconventionally though suggestively, B{TC) denotes all the bounded 
operators on H. If A is an operator, then Af{A) and Ti{A) stands for its 

domain, kerncl(null space) and range respectively; if A is closable, its closure is 
denoted by A. 
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Let US mention some books where unbounded normal operators are treated: 
they are [4], [121 Chapter XV, Section 12], [56] and |59| . To bounded subnormal 
operators the book is totally devoted. 

Despite the ambitious plan the topics presented here are a rather selective. 
Also some of the arguments used in the proofs have to be extended. The material, 
though still developing, is sizeable enough to cover a large monograph; this is the 
project |41j already in progress. 

The haven of tranquility of bounded operators 
Foremost topics of normality. 

Normal operators: around the definition. An operator N € B(T-L) is said to be 
normal if it commutes with its Hilbert space adjoint, that is if 

NN* = N*N. (1) 

This purely algebraic definition can be made spatial through a standard argument: 
N is normal if and only if 

11^/11 = 11^711, /eH. (2) 

Let us notify the following. 

Triviality 1. N is normal if and only if ([2]) holds for f 's from a dense linear 
space0 T) only. 

Spectral representation. The most powerful tool for normal operators is its spec- 
tral representation. Though different people may have different understanding of 
it, everyone agrees that the most appealing is its spatial version below. 

Theorem 2 (Spectral Theorem). An operator N is normal if and only if it is 
a spectral integral of the identity function on C with respect to a spectral measure 
E on C Such a spectral measure E is uniquely determined and its closed support 
coincides with the spectrum of N. 

From spectral representation to C? -model. What is sometimes meant by spec- 
tral theorem, tailored to the simplest possible situation and as such pretty often 
satisfactory in use, is the following. 

Corollary 3. // an operator N is normal and ^-cyclic, then there is positive 
measure /i on s\){N) such that N is unitarily equivalent to the operator Mz of 
multiplication by the independent variable on 

N is * -cyclic meansR here that there is a vector e G H (called a ^-cyclic vector 
of N) such that the linear space 

^{p{N*,N)e: peC[Z,Z]} (3) 

is dense in H; this notion appears as one of the very sensitive when passing to 
unbounded operators. 

The converse to Corollary [3] is trivial. We state it here because of the further 
role it is going to play. 

^ If we want to have a linear space closed we always make it clear. 
This definition makes sense for any operator as long as the involved monomials are kept to 
be ordered like N*^N'-. 
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Fact 4. Suppose /i is compactly supported positive measur^ on C. Then the 
operator Mz of multiplication by the independent variable is normal and ^-cyclic 
with the cyclic vector e — 1. 

Some supplementary information is in what follows. 

Corollary 5. Let N and fi be as in Corollary [3l Then 

(iV™e,iV"e)= / z"z"^(dz), m, ??, 0, 1, ■ ■ ■ 
Jc 

The spectrum. For the spectrum of a normal operator N we have 

Sp(iV) = SPap(A^) 

where the right hand side stands for the approximate point spectrum. As the adjoint 
N* is normal as well the same refers to it; the apparent equality sp(A'') = sp{N*) 
is applicable here. 

The finest points of subnormal operators. Here we would like to itemize 
the topics, which are well known in the theory of bounded subnormal operators (cf. 
[llj ). and which we are going to juxtapose with those for unbounded operators. 

Normal dilations and subnormality. Given A G BiTi.), a normal operator e 
BiJC), IC contains isometrically 7i, is said to be a (power) dilation of A if 

A"f = PN''f, fen, n = 0,l,... (4) 

with P being the orthogonal projection of K, onto H; if A is a dilation of A then 
so is A^* for A*. 

If for S e B{TC) there is A^ normal in K, such that instead of ^ we have 

Sf = Nf, f e H, (5) 

then we say that S is subnormal. If S is subnormal and A is its normal extension 
then A^* is a normal dilation of S* . In addition to this we have, cf. \57\ §5] 

Proposition 6. The following conditions are equivalent: 

(a) B is an extension of A; 

(b) B is a dilation of A and B* B is a dilation of A* A; 

(c) B*^B^ is a dilation of A*^A^ for any i, j = 0, 1, . . . . 

Another way of writing ([5]), both illustrative and precise, is 

SCN; (6) 

use of C suggests the graph connotation. 

Halmos ' positive definiteness and Bram 's characterization of subnormality. It 
is an immediate consequence of normality of A^ in ([5]) that a subnormal operator S € 
B{Tl) must necessarily satisfy a kind of positive definiteness condition introduced 
by Halmos in [18j : 

^(S""7„, S" f,n) ^ 0, for any finite sequence {fk)k C H. 

m,n 



We call a measure positive if it takes non-negative values. 
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Theorem 7. S G B(H) is subnormal if and only if it satisfies the positive 
definiteness condition and 

^(5'"+V„, ^"+Vm> < C^(5"/„, for any finite sequence Uk)k C U 

(7) 

with some C ^ 0. 

Bram 's rcsult0 [6] says the boundedness condition ([7]) in Halmos' Theorem [tH 
is superfluous. It turns out that the boundedness condition ([7|) comes back in the 
unbounded case under some forms of growth conditions. 

Another characterization is in [l]; it is interesting because it provides with a 
matricial construction of the extension space independent of S. In principal it does 
lead to minimal extensions, cf. Proposition [S] 

Minimality and uniqueness of extensions. For 5* subnormal and its normal ex- 
tension N let us take into consideration the following three situations. 

(Ml) If 7Y C /Ci C /C and A^f/Ci turns out to be normal then either JCi = H or 
K.I = K.. 

For E being the spectral measure of N and T) a linear subspace of Ti. set 

Sv = c\oYiTL{E{(j)f : a Borel subset of C, / G V] (8) 
Cx, = lin{Ar*™7V"/: / e 2?, m, n = 0, 1, . . .}. (9) 
(M2) Sn is /C. 

(M3) The closure of is K. 

The standard fact of the theory says the conditions (Mi), (M2) and (M3) are 
equivalent. If this happens we speak of minimality of TV. Notice minimal normal 
extensions always exist, both (M2) and (M3) provide with an algorithm to determine 
them. Moreover, 

Proposition 8. Two minimal normal extensions of a subnormal S are Ti.- 
equivalent, that is there is a unitary similarity between them which remains identity 
on the space H. 

The hazardous terrain of unbounded operators 

All the operators from now on are denselv defined : if A is such, I?(A) always 
stands for its domain. The closure of A, if it is closable, is denoted by A. If P is a 
linear subspace of 15(A) then A|d stands for the restriction of A to V. 

Normal operators and their spectral representation again. The defi- 
nition of normality in unbounded case is much the same, more precisely, a closed 
operator is said to be normal if ([1]) holds^. However, it turns out that a version of 



^ A short replacement for Bram's main argument concerning redundancy of lO can be found 
in 1421 . The argument from |42l is present in 1581 p. 509] 
^ For another proof of Halmos' theorem look at 1571 

^ It is always tacitly understood that the domain of a composition of two operators is the 
maximal possible one. One has to notice that the adventure with domains of unbounded operators 
already starts here. 
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([2]) is more easy-to-use: N is normal if and only if 

V{N) ^V{N*), 

l|vv/ll = ll^*/ll, feV{N). 

Now closeness of N is implicit in (fTU]) . 

The plain version of spectral theorem. As in the bounded case all the versions of 
spectral representation are available. The spectral theorem, Theorem [2l is true as 
stated due to the vast flexibility of the spectral integral. We are going to state it here 
with more particulars enhancing some of them which are pertinent to unbounded 
operators; of course, they are present in the bounded case as well. 

Theorem 9 (Spectral Theorem, the extras included). An operator N is normal 
if and only if it is a spectral integral of the identity function on C with respect to a 
spectral measure E on C, that is 

1° {Nf, g) = ^ z{Eidz)f, g) for all f G V{N) and g eU. 
Moreover, if this happens then 

T V{N) = {fGn: /c \z\'{E{dz)f, f) < +^}; 

3° for every Borel measurable non-negative function (j) on C and f G ^{N) 

[ ct>{x){E{dz)Nf,Nf)= [ cP{x)\z\'{E{dz)f,f), 
Jc Jc 

in particular, 

\\Nfr= f \z\'{E{dz)f,f), feV{N) (11) 
Jx 

and 

E{cf)N C NE{<7) for all Borel sets a; (12) 
4° the spectral measure E is uniquely determined and its closed support co- 
incides with the spectrum of N . 

This is more or less all what survives from surroundings of the spectral theorem 
when passing from the bounded case to the unbounded one. 

Invariant and reducing subspaces. A closed subspace £ of 7i is invariant for 
A if A{C n ^{A)) C £; then the restriction A\c =^|z;rTD(yi) is a operator in C 
becomes clear. If A is a closable (closed) operator in Ti then so is A\c; this is so 
because the notions are topological, with topology in the graph space. The closed 
subspace C is invariant for A if and only if PAP = AP, where P is the orthogonal 
projection of H onto C. 

On the other hand, a linear subspace V C I'(^) is said to be invariant for an 
operator A in Ti ii AT) C T>. If this happens and T> is not dense in Ti we consider 
the restriction A\xi as a densely defined operator in T). However, if I? is a dense in 
H then Aju is still a densely defined operator in TL. 

The above two concepts of invariance and restriction look much alike. If a 
linear subspace T> is invariant for A then A\xi C A\j^ whereas A\v = ^tiJ provided 
A is closableQ. This makes the difference more transparent. 

A step further, a closed subspace £ reduces an operator A if both C and 
are invariant for A as well as PT>{A) C T>{A); all this is the same as to require 
PA C AP. The restriction Af^ is called a part of A in £. 



' Identifying operators with their graphs we can write A\d = A D ("D X TD) and A\'£i = 
A n {D X D). Hence the equahty follows. 
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C°° -vectors. For an operator A set 

oo 

Ai,...A„e{A*,A} 
any finite choice 

It is customary to refer to vectors in any of these two classes as to C°°-ones. 
One has to notify that 

V°°{A*,A) = V°°{A,A*) cV^{A*)nV°°{A). 

If / € V°°{A) then p{A)f e V°°{A) for any p e C[Z] as well, if / G V°°{A*,A) 
then p{A*,A)f G 'D'^{A*,A) for any p e C[Z, Z]; the latter regardless any commu- 
tativity property between A and A* , cf . footnote [H 

A vector / G may belong to one of the following classes: [hounded), 

A{A) [analytic) or [quasianalytic) . While the last two are rather pretty well 

known we give here the definition of hounded vectors, they are those /'s in 7)°° [A) 
for which there are a, b such that |1 ^ a6", n = 0, 1, . . . It is clear that 

B[A) c A[A) c Q[A). 

The first two linear subspaces whereas the third is not0. 

A core. This is an important invention for unbounded operators when a need 
not to consider them closed becomes strong. Let us call here that this appear more 
often than someone may imagine, take an operator with invariant domain, if it is 
closed , then in the vast majority of cases it turns out to be necessarily bounded , 
see |28| . If someone does deal with a closed operator and in spite of this wants to 
consider an invariant domain a core comes to rescue. Thus D C 'D[A) is a core of 
a closable0 operator A if A\x) = A. Trivially, a domain ^[A) is always a core of 
A and, on the other hand, a core must necessarily be dense. The essence of the 
notion of core is in offering additional 'domains' for an operator. On this occasion 
we recall a practical notion: a closable N is called essentially normal if is normal. 

A handy necessary and sufficient condition for I? to be a core of A is the 
following implication to hold 

for / G V[A) such that (/, g) + [Af, Ag) = for aU 5 G P implies / = 0. (13) 

The observation which follows fits within the character of this section and makes 
intrinsic use of the notion of core. 

Proposition 10. Bounded vectors of a normal operator form a core of it. 
Therefore, a normal operator decomposes as an orthogonal sum of a sequence of 
hounded normal operators. 

Proof. Due to 2° in Spectral Theorem [9] for any bounded set cr C C and / G 
the vector E[a)f is in V[N) and, by IE]), E[a)NE[a)f = NE[a)f. This means 
that the linear space B[a) ={E[a)f: f G Ti.} is invariant for A^. Because Uo-S(ct) 
is dense every A^" is normal as well. Therefore, by (fTT|) . for any f G H and any 



° There are two more notions: seminanalytic and Sticltjes vectors, they are rather less pop- 
ular, cf. |41) 

^ A core may be defined even for non-closable operators because in fact the graph topology 
is behind the notion. 
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bounded set a E{(T)f is a bounded vector. To check that they all together constitute 
a core proceed as follows. Due to ((H]), E{a)N*Nf = N*E{a)Nf = N*NE{a)f 
and therefore condition gives 

E{(j)f + E{(j)N*Nf = 

Because a is an arbitrary bounded Borel set we infer that / + N*Nf = 0, hence 

/ = o. 

Decomposing C as a disjoint sum of bounded Borel sets we get the orthogonal 
decomposition in question. More precisely, if {(T„}„ is such a partition of C then 
the subspaces E{an)'H are mutually orthogonal and reduce N; this is due to (fT2|) . 
Notice that because the parts N\E{a„)N are bounded a graph argument guarantees 
the orthogonal sum of the parts is a closed operator. Now because bounded vectors 
form a core of N the final conclusion comes out. □ 

Corollary 11. AnyV e {B{N),A{N),\inQ{N)} is a core of a normal oper- 
ator N . 

Resemblance of normality: formal normality. The first and very serious sur- 
prise comes when one asks what happens now to Triviality [1] In the unbounded 
case one gets nothing but V C I?((A^|d)*). If I? is a core of N then ([2]) can be 
stated as 

V(N) C V(N*), 

(14) 

and nothing more. Therefore, we have to call those A^'s somehow. Because (fT4|) 
and ([2|) look much alike, the name in use for operators satisfying (fT4|) is: formally 
normal. Though there is a tiny difference in definitions of normality and formal 
normality, '=' is replaced by 'c', the consequences are rather significant as we are 
going to realize later. 

Notice that if N is formally normal then it must necessarily be closable. More- 
over, its closure is formally normal as 

V{N) C V{N*). (15) 

Moreover, if N is formally normal and 'D{N) is a core of N* then N is essentially 
normal. 

Proposition 12. Suppose N is formally normal in Ti.. If Ni is a normal 
operator Ni in Ti. such that Ni C N then N is normal too and Ni = N . 

Proof. Because A^i C iV, TV* C and consequently 

V{N*) C V{N^) = V{Ni) C V{N), 

which makes N normal and equal to A^i . □ 

The operator of multiplication by independent variable. Let be a positive 
measure on C of finite moments^. Denote by V{fi) the polynomials in C[Z,Z] 



We say fi has finite moments if Jj. |zp"^(dz) < oo for all n = 0, 1, . . . . This is what we 
arc taking for granted in this paper once and for all. 
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regarded as members of C^{n)- Define the operator Mz of multiplication by the 
independent variable in C^iiJ.) as 



Notice that the characteristic (indicator) functions la of Borel subsets of C are in 
I?(A/z). Therefore Mz is densely defined, and because (Mz)* = as well as 
{M^y ~ Mz, the operator Mz is closed and, consequently, it is normal. 

Suppose VifJ.) is dense C^{fi)- Then Mz\-p{ti} is a densely defined operator. Is 
it essentially normal? In general not because 

Fact 13. Mz\-p{n} is essentially normal if and only if V{^) is a core of Mz- 
This happens if and only ifV{^) is dense in £^((1 + |^P)yu)E3- 

The second conclusion of the above follows immediately from the fact that the 
space -^^((1 + bears the graph norm with respect to the operator Mz- 

Remark 14. The operator Mz\v(ii) is formally normal in the closure V{^) of 
V^ijl) in £^(/i)-norm regardless V^n) is dense in C^{n) or not and has a normal 
extension Mz in C^{fj,). In other words, Mz\-p(fj,) is always formally normal, has a 
normal extension in C^ifJ.) though it may act within a smaller space 

Repairing *~cyclicity- The notion *-cyclicity, as defined in the greyish area 
around JS]) for bounded operators, for unbounded ones requires ([3]) to hold for / e 
V°° {N, N* ) . The above considerations show that this definition is not satisfactory 
in the unbounded case for quite a number of reasons: neither Corollary [3] nor Fact 
m holds true in particular. Therefore, call now N *-cycli^^ with a cyclic vector 
e e V°°{N*,N) if the setB © is a core of N- Under this modification both 
Corollary [3] and Fact [H revive . 

A word about spectral properties- An example of an ultradeterminate measure 
is the Gaussian one, that is c"'^' dx. The polynomials in V{ii) constitute a core 
of Mz and all the oddities arc left apart. However, here sp(7V) = C which excludes 
any resolvent tool to be used; this is what someone ought to take into account when 
trying to approach the theory. 

Assorted topics on unbounded subnormals. 

Suhnormality and its characterization- The defining formula ([6]) remains work- 
ing also in the unbounded case; more precisely an operator S densely defined in a 
Hilbert space is called subnormal if there exists a normal operator is a Hilbert 
space JC containing isometrically Ti, such that ^ holds true. Another way of ex- 
pressing this is that Ti is invariant for N and S <Z N\t-c. 



Such measures are called in |16) ultradeterminate. By the way, a measure is ultradeter- 
minate if the polynomials in 'P(/i) are dense in some CP{fi), p > 2 (see 1161 . p. 61). 

^■^ It is tempting to call it rather graph *-cyclic as graph topology is behind this. Regrettably, 
we have to abandon this appeal; also because present term includes trivially that for bounded 
operators. 

^•^ The remark made in footnote [2] applies here as well. 




{Mzf){z) = zf[z), zGsupp^, Mz- f-^Mzf. 
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The only characterization of subnormaUty which does not impose any constrain 
on behaviour of domains of the operator is that via semispectral measures E (see, 
[5] or |14p or its versions (hke in [44] and |55| ). 

Theorem 15. An operator S is subnormal if and only if there is a semispectral 
measure F on Borel sets of C such t/ta f^ ' F^ 

(5"7,^'7) = /^"^"(i^(dz)/,5), m,n = 0,l, f,geV{S). (16) 
Jc 

Notice that semispectral measures related to a subnormal operator may not 
be uniquely determined, see |43j for an explicit example. As spectral measures 
of normal extensions come via dilating semispectral measure, according Naimark's 
dilation theorem, cf. |24| , we may have quit a number of them as well. This foretells 
somehow the problem with uniqueness (and minimality) we arc going to expose a 
little bit later. So far we turn Theorem [T5] into an equivalent form involving scalar 
spectral measures, cf. |55j . 

Call a family {//jj/g-j^ of positive measures on C, a family of elementary spectral 
measures of S such that for /, g e 7i 

MA/(^) = |A|V/(^) for A G C, ^if{X) = \\ff (17) 
ms('^) + M/-s(f^) = 2(^/((t) + ^ig{a)) (18) 

and 

{S-^f.S-^f) = / z™z'>/(dz), m,7i = 0, 1, / e V{S). 
Jc 

Theorem 16 (A version of Theorem llSp . An operator S is subnormal if and 
only if it has a family of elementary spectral measures. 

As an immediate consequence of Theorem [15] we get a slight extension (no do- 
main invariance required) of Proposition 18 in [54j . Though this very much wanted 
observation looks trivially no direct way of getting it from the definition of subnor- 
mality seems to be available. This is so because, unlike normality, the definition of 
subnormality 'exceeds the underlying Hilbert space'. Here a kind of exception is 
Ando's construction of the universal extension space in which the unitary equiva- 
lence can be placed in. However, in the unbounded case this construction does not 
look it to work at the full, cf . [36] . 

Corollary 17. Let S be an operator Ti. letV : 7i TLi be a bounded operator 
such that V*V S ~ S . If S is subnormal in TL, then so is VSV* in TLi provided it is 
densely defined. More exactly, if F is a semispectral measure of S then VF{-)V* 
is such for VSV* . 



A semispectral measure diflfers from a spectral one by dropping the assumption its values 
arc orthogonal projections; it is also known under the name 'positive operator valued measure'. 
Condition I I16I I corresponds to those in Proposition |6] 

If l)16| l holds only for m = 1 and n = 1 (m = n = is a triviality) then S has a normal 
dilation exclusively and vice versa. In that case the fourth condition encoded in (I16t downgrades 
to the inequality {Sf,Sg) ^ f^ \z\^ (Fidz)f, g), f,ge X)(S). 
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Minimality and uniqueness. Minimality in the unbounded case becomes a very 
sensitive issue. Let us start with a definition: call N minimal of spectral type if (Mi) 
on page 0] is satisfied. It turns out that, cf. Proposition 1 in [36] . it is equivalent to 
(M2) in the sense that Sx)(s} = The sad news is that minimal normal extensions 
of spectral type may not be 7i-equivalent0, see Example 1 in [36j much further 
developed in [8]; therefore no uniqueness can expected at this stage. The good 
news is the welcomed spectral inclusion 

sp(iV) c sp(5) (19) 

is preserved; as a consequence of notify sp(S') 7^ 0. A list of further spectral 
properties is in Theorem 1 of |36| . 

The third kind of minimality appearing in (M3) though well defined cannot be 
well developed in this general setting. It does when S has an invariant domain; we 
come to this latter on. 

Tightness of normal extensions. Assume for a little while A inTi. and B in /C 
are arbitrary operators, /C contains isomctrically Ti.. If A G B then 

V{A) C V{B) n n and PV{B*) C V{A*) with A*Px = PB*x for x e V{B*) 

(20) 

with P being apparently the orthogonal projection of K, onto Ti. If N is formally 
normal extension of S then both inclusions in (j20p merge in one 

v{s) c v{N) nnc v{N*) nnc pv{n*) c v{s*). (21) 

This implies immediately that 

V{S) C V{S*) and \\Sf\\ for / e V{S). 

Hence S is closable and I?(S') C 'D{S*)\ the latter has to be compared with ([T5|) . 

Call the extension TV if ©(S) = V{N)f\U im<l * -tight li PV{N*) =V{S*), 
cf . |49| , the topic was taken up in [19] . Notice that tight extendibility was one of 
the condition involved in the definition of subnormal operators given in |27| . It was 
proved in |38| that symmetric and analytic Toeplitz operator have tight extension. 
The question in |38| asks if this is always the case, which would give subnormality 
of |27j the same meaning as ours. It turns out they two different notions according 
to the example in [29] . Therefore the preference is the present one. 

Cartesian decomposition. If A has ^^{A) n "Di^A*) dense then 

9^e^=i(A + A*), 3mA=^^{A- A*), V{^z A) = V{lm A) =V{A) r\V{A*) 

leads to the Cartesian decomposition of A 

A = ^zA + i3mA 
with d\tA and ImA symmetric on 'D{A) n I?(A*). 

Proposition 18. A formally normal operator N is essentially normal if and 
only if the operators [He N and 3m N are essentially selfadjoint and spectrally com- 
mute, that is there spectral measures commute. An operator S is subnormal if an 
only if it has such a formally normal extension. 



' It is right time to give the definition: two extensions Bi and B2 in spaces JCi and /C2 of 
A inH are called Ti-equivalent if there is a unitary operator U : Ki — > IC2 such that UKi = K2U 
and U\-H= I-H- 
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Proof. If N is formally normal and 5He and 3m N commute spectrally then 
MelV + i5m7V is normal. Furthermore, N cmtN + i3mN C y\tN + i3mN = N 
and Proposition [TH] concludes with N to be essentially normal. The rest follows 



This is a parallel to Theorem [151 It show that famous Nelson's example from 
|25j can be adopted as an alternative one to Coddington's [9]. 

Polar decomposition and quasinormal operators. For a closed densely defined 
operator A : H D 'D{A) — > K. there exists a unique partial isometry U S B{H,IC) 
such that AflJJ) = J\f{A) and A = U\A\, where \A\ ={A*A)^/^; U\A\ is called the 
polar decomposition of A (cf. [591 P- 197] ). If U\A\ is the polar decomposition of 
A, then 7?.(|A|) = TZ{A*) is the initial space of U and Tl{A) is the final space of U. 

One of the equivalent definitions of quasinormal operators says they are those 
for which in their polar decomposition [/ 1 A| = |^|C/. These operators are subnormal 
(cf. [35[ Theorem 2]), even more, they have a kind of Wold- von Neumann decompo- 
sition, see [7] for bounded operators and its version adapted to the unbounded case 
[41j . In a sense they become an intermediate step between subnormal and normal 
operators. Normal operators are those quasinormals for which J\f{A*) C Af{A). 

Because Af{N) ~ J\f{N*) for a normal N, both factor in its polar decomposition 
can be extended properly so as to get the following result. 

Proposition 19. N is normal if and only if N ~ UP with U unitary and P 
a positive operator, U and P commuting. This decomposition is not unique. 

Old friends in the new environment. Because selfadjoint operators are appar- 
ently normal, symmetric operators are both formally normal and subnormal. The 
following draft shows how all the notions interplay; all the inclusions may0 become 
proper. Notice the formally normal are somehow apart, formally normal operators 
may not be normal, see j9] for an explicit example. 



Let us mention that Coddington characterizes in [3l llOj those formally normal 
operators which are subnormal. 

Subnormality of operators with invariant domain. From now onwards 
we declare 



This means we have to resign the temptation to consider an operator S to be closed 
unless we want deliberately exclude operators which not bounded. 

Under these circumstances we have supplementing results to Theorems [15| and 
[T6lat once. 



easily. 



□ 



selfadjoint 

n 

normal 

n 

formally normal 



C symmetric C formally normal 

n 

C subnormal 



SV{S) c V{S). 



In the finite dimensional case subnormals, formally normals and normals coincide. 



12 



F.H. SZAFRANIEC 



Theorem 20. If S is subnormal and F is a semispectral measure such that 
l6|) holds then ()16|) holds for all m, n, that is 



{S"'f,S'\f)^ z^z-{F{dz)f,f), m,n = 0,l,... / G 2?(5). 
Jc 

Alternatively, the elementary spectral measures of S satisfy 

i^S^nj^gnj^^ f^ra-n^^^^^^-^^ m,n = 0,l,... feV{S). (22) 



Back to Halmos ' positive deflniteness or what has survived from Bram 's theo- 
rem. Under the current circumstances Halmos' positive definiteness takes the form 

J2{S"'fn, 5"/rn) > 0, for any finite sequence {fk)k C V{S). (PD) 



m.n 



What we still have in the flavour of Bram's characterization is in the following, see 
or |45| for another techniques of building the proof up. 



Theorem 21. An operator S inTL satisfies (PD) if and only if there is a Hilbert 
.space K containing Ti. isometrically, and a formally normal operator N in K. such 
that S <Z N as well as 

NV{N) C V{N) and N*V{N) C V{N) (23) 

// this happens, N can he chosen to satisfy 

V{N)^\m{N*^f: k ^ 0,1, . . . , f G V{S)}. (24) 

Remark 22. Suppose S and N are as in Theorem [21] If S is cyclic with a cyclic 
vector e then N is *-cyclic with the same vector e. Indeed, if S is cyclic with a 
cyclic vector e then, by ([24l) . 

V{N) ^\m{N*''N'e: fc,Z = 0,l,...} 

and the first conclusion follows. 

Corollary 23. If S is subnormal then it satisfies (PD). 

Corollary 24. N in Theorem 1211 is essentially normal if and only if 

X e V{N*) & {x, y) + {x, N*Ny) = V y G V{N) =^ x^Q. 

Proof. Notice first that N is essentially normal if and only if T>{N) is a core 
of N*. Now use ^ &nd^. □ 

We separate the uniqueness result because of its importance. 

Theorem 25. // two pairs {Ni,K,i) and {N2,K,2) satisfy the conclusion of 
Theorem 1211 then they are TL-equivalent, that is there is a unitary operator between 
ICi and K,2 such that Uli-i— In o.'^^d UNi = N2U. 

Proof. For {fk)k C V{S) we have, due to 



k,l k,l 



n\\2 



k.l 



which establishes the unitary operator between two dense subspaces. The next step 
is standard as well. □ 
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Corollary 26. Suppose S is subnormal in Ti. If N is any normal extension 
of S and N is a formally normal extension of S as in Theorem [211 for which (j24p 
holds, then there is a formally normal operator Ni which is TL-equivalent to N and 
such that S C Ni C N. 

Proof. If N is normal in K, say, then the subspace 

2?i='lin{iV*"/: n = 0, 1, . . . , / e V{S)} (25) 

of 'D(N) is invariant for N and N*. The operator A^i = A^lu is formally normal. 
Indeed, because, due to ^U^, N*\t> C (iVf^)* C (^|r>)* we can write for x e I? 

\\Nix\\ = ||7V.t|| = ||iV*a;|| = || (iV|i,)*a;|| = ||A^r2;||. 

Comparing (j25|) with (j24[) suggests the definition of the required unitary 7i-equivalence. 

□ 

Corollary 27. If S is a cyclic and subnormal operator then the formally 
normal operator determined by Theorem 12 II can be realized as the operator Mz\-p(p) 

in the C^{^i) -closure of the polynomials V{pL), where ^^^{F{ - and F is an 

arbitrary semispectral measure of S . According to Theorem [25] any two such models 
are Ti. -equivalent. Finally, N itself is subnormaj^. 

In general, Theorem[2T]is nothing but an intermediate step toward subnormal- 
ity. Because N is just formally normal the uncertainty is still ahead. The only 
known result which reminds that of Bram is as follows, cf. [35]. 

Theorem 28. Suppose S is a weighted shif^F^. Then S is subnormal if and 
only if it satisfies the positive definiteness condition (PD). 

Cyclicity and related matters. Getting experienced already with *-cyclicity we 
can say that a closable operator A with invariant domain is cyclic with a cyclic 
vector e if 

{piA)e: peC[Z]} 
is a core of A. On the other hand, given a vector / G T>{A) set 

Vf'^{p{A)f: peC[Z]}, Hf'^V-f, Af':^A\-n,. 

The definition of is in accordance with what is on p. ??nd means an operator 
acting in the Hilbert space 7i/; call Af the cyclic portion of A at f . Therefore A is 
cyclic if and only A = Af for some / € ^{A). 

Notice that if g G T)f then Dg C Vf. However, if / 7^ g we can not say anything 
reasonable about dislocation of the spaces T>f and T>g unless they both are reducing. 

The complex moment problem. Given a bisequence (cm, n)mn=oi call it a com- 
plex moment sequence it there exists a positive Borel measure /x on C such that 

Cm,n= /z"2"dAi, m,n = 0,1,... (26) 
Jc 

The complex moment problem related to a bisequence (cjn.n)m n=o consists in finding 
a measure representing the bisequence via ([^S]) F^. The measure /x, thus the moment 

19 Look at Corollary [17] 

■^^ S in W is a weighted shift if there is an ortlionormal basis (en)n in Ti. such that Sen = 
Cnen+i with some positive weights {an)n- 

It happens people carelessly mix up those concepts. 
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sequence {cm,n)m ri=oi called determinate it there is no other measure representing 
the sequence by ((26)) . Another, stronger concept, introduced in |16| . calls the 
measure ^, as well as the related bisequence[3, ultradeterminate, cf. footnote I23[ 
if the operator Mz\-p()j,) of multiplication by the independent variable is essentially 
normal. If this happens, Mz is normal in C^in), cf. Fact [T51 

The moment problem version of Corollary [23] determines a kind of positive def- 
initeness that a complex moment bisequcnce {cm,n)m n=o necessarily to satisfy. 

Proposition 29. If {cm,n)m n=o complex moment bisequence then 

^^Cjn+q.n+p>^7n,n\,q foT all finite bisequences {Xk,i)k,i C C. (MPD) 

In the other direction again we stop halfway. 

Theorem 30. A bisequence (cm,n)mn=o satisfies (MPD) if and only if there is a 
Hubert space K, containing the 1-dimensional Hilbert space C isometrically, and a 
formally normal operator N in IC such that ^{N) = lin{A^*'"iV"l : m, n = 0, 1, . . .} 
and 

c™,„ = (Af'"l,Af"l), m,7i = 0,l,... 

Now everything depends on if the formally normal operator N has a normal 
extension or not. 

The explicitly defined bisequence in |46| . p. 259, which in turn is an adapted 
to the present circumstances version of that in |15| . satisfies (MPD) and is not a 
complex moment one. 

Subnormality and the complex moment problem. Here we have the fundamental 
result which continues Theorem [301 and goes towards our open problem. 

Theorem 31. (a) If S is subnormal then ((5""/, 5*"/))^^ „^o is a complex 
moment bisequence for every f S T>{S); 

(6) If S is cyclic with a cyclic vector e and ((S''"e, S'"e))^ is a complex mo- 
ment bisequence then S is subnormal. Moreover, if is a measure which represents 
((S""e, 5"e))^_„^o by ^ and f V[S) is of the form p{S)e for some p G C[Z] 
then (('5'"/, 5"'/))5^ „^o is a moment bisequence and is its representing mea- 
sure. 

Referring to Theorem [30] and Fuglede's classification of dcterminacy we have 
two relevant notions: call a vector / G T>{S) a vector of dcterminacy of S if the 
moment bisequence ((S'™/, S'"/))^ is determinate; if this bisequence is ultra- 
determinate call / the vector of ultradeterminacy of S'El- It is clear these two kinds 
of determinacy require the operator Sf to be already subnormal. 

Advice. In the discussion which follows there are two alternating situations: 
they concern either a cyclic operator or a cyclic portion of an operator. A reader 
may chose to think of any of these two without any side effect. 



The definition in |16) is stated for a bisequence, that for a measure eomes from searching 
through the paper. 

^'^ The term 'vector of uniqueness' as in |26j . which is more appropriate for symmetric op- 
erators and real one dimensional moment problems, splits here in two. Notice that in 1551 we use 
the term 'vector of uniqueness with still a slightly different meaning. 



NORMALS, SUBNORMALS AND AN OPEN QUESTION 



15 



Theorem 32. Suppose S is cyclic and e is its cyclic vector. Then the following 
two conclusions hold. 

(a) If e is the vector of determinacy then the formally normal operator de- 
termined by Theorem 1211 can be realized as the operator Mz\-p(fi) in the 
C'^ {^i) -closure of polynomials 'P{ijl), where fj, is the unique measure repre- 

senting{{S"'e,S"e))^^„^o- 
{(3) If e is a vector of ultradeterminacy of S then the formally normal operator 

N constructed as in Theorem [5T] is essentially normal. N can be realized 

as the normal operator Mz in with ^ as in (a). 

Proof. Apply Corollary E71 to get (a). Now use (a) and the fact that e is the 
vector of ultradeterminacy of S to come to □ 

Notice (/?) says that if e is a vector of ultradeterminacy for S then it is so for 
the formally normal operator N constructed as in Theorem [^T] In other words, the 
property of a vector to be that of ultradeterminacy can be lifted to the extending 
space; this is a rough comment rather then a precise statements. 

The next two results can be viewed as a global version of Theorem [32l the 
latter to be though of local one. 

Theorem 33. The two following two conclusions hold. 

(a') If every f e 2?(S') is a vector of determinacy of S and for the (unique) fam- 
ily ilJ-f) f£V{S} of measures representing the complex moment bisequence 
({Sf,S''f))m,n,feV{S), one has 

l^f+9 + l^f-9 - ^1^9 > 0, f,ge ViS), (27) 

then S is subnormal and has a unique normal extension which is minimal 
of spectral type, and conversely. 

Therefore, a formally normal operator N can be constructed as in Theo- 
rem [21] and it is subnormal as well. 
{(3') If the set IA{S) of vectors of ultradeterminacy of S is total in TL then the 
formally normal operator N constructed as in Theorem [21] is essentially 
normal. 

Proof. Proof of (a'). It is clear there a unique family of measures fif, f E 
V{S) such that ([22|) and ^ holds. The only condition missing so far to end up 
with the conclusion is (fT8|) . 

Take /, g e T){S) and with to, ?i = 0, 1, . . . write 

/ z-z" A{\{^^f+g - - ^if) = i(5™(/ + g)J + g) + '^{S^'^if - .g), ./ - g) 
Jc 

-{S"^fJ)^{S"'g,g)^ I z™z"d/i,. 

Now ([27| and determinacy at g makes ([T8| hold. Therefore, S is subnormal due to 
Theorem [T6l Corollary [26| establishes the final conclusion in (a') concerning TV. 

Proof of (/?'). Let TV be the formally normal operator constructed as Theorem 
[m Set 

Vf{NY^\m{p{N\N)f: peC[Z,Z]}, Nf'^N\.^^ (28) 
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and denote by Pf the orthogonal projection on 'De{N). Notice that for / G U{S) 
the operator N is normal. According to Lemma 2 of [37j the subspace H / reduces 
N. Because U {S) is total, 

lin{2?/: f E U{S)} = V{N). 

Adapting arguments used in the proof of Theorem of [37] we can check that N is 
essentially normal. □ 

Minimality and uniqueness again. Now is a right time to come back the min- 
imality problem of extensions of S. An extension N of S minimal of cyclic type if 
Cv{S) is a core of N; this definition works regardless what class of operators the ex- 
tensions belong to, the only requirement is ([9]) to have sense. Theorem [2T] provides 
us with formally normal extensions of cyclic type of an operator satisfying (PD). 

Minimal normal extensions of cyclic type may not exist - see |36| and [8], 
the latter is for further, much broader development of the former; an example of 
another type is in |43| . In this matter quote Theorem 3 and Corollary 3, both in 
|36j . in one. 

Theorem 34. Let S be a subnormal operator. Suppose that it has at least one 
minimal normal extension of cyclic type. Then an arbitrary normal extension of S 
is minimal of spectral type if and only if it is minimal of cyclic type. 

If S has at least one minimal normal extension of cyclic type, then all its min- 
imal normal extensions of spectral type {hence those of cyclic type too) are Ti- 
equivalent. 

This settles the question of uniqueness. Let us say carefully that a subnormal 
operator S has the uniqueness extension property if the circumstances of Theorem 
[Ml happenF^. Part (/?') of Theorem [551 implies at once 

Corollary 35. S has the uniqueness extension property if its domain is com- 
posed of vectors of ultradeterminacy. 

Remark 36. It is clear that for a cyclic subnormal operator S with a cyclic 
vector e the following statements are equivalent: 

• e is a vector of ultradeterminacy of S, 

• the formally normal extension iV of S" constructed via Theorem |30| is 
essentially normal, hence it is minimal of cyclic type. 

The other way around, it seems to be worthy to realize how minimality of cyclic 
type can be inherited by cyclic subspaces. More precisely. If is a minimal normal 
extension of S acting in K, then for e € T^iS) the closure 'Df^{N) of V^iN) defined 
in ([28|) reduces N (indeed, because T>e{N) is invariant for both A^ and N* we get 
it, cf. footnote ). Therefore, A^e is a minimal normal extension of Se of cyclic type 
and, consequently, e is a vector of ultradeterminacy of S. 



Uniqueness extension property (and subnormality itself) has been characterized in I45| . 
Theorems 4, 4', 5 and 5'. When specialized to the complex moment problem it matters ultrade- 
terminacy resembling the characterization of Hamburger of determinacy in the real case, cf. I31| 
p. 70. 
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Subnormality trough -vectors. The following can be regarded as what cor- 
responds to Halmos' characterization of subnormality. Notice that his boundedness 
condition ([7]) takes now a more subtle form of a growth condition. 

Theorem 37. If S satisfies (PD) andV{S) e {B{S),AiS),\mQ{S)} then it is 
subnormal and has the uniqueness extension property. 

We refer to [34] , [35] and also to |41] for proofs. They consist in showing the 
vectors in I?(S') are in fact vectors of ultradeterminacy of S, cf. CoroUarv [55l 

This result is a sort of standard if one restricts an interest to essential selfad- 
jointness of symmetric operators. 

Complete characterization of subnormality by positive definiteness. What dif- 
fers Theorem[37]from Bram's result is some oversupply, the presence of an additional 
conclusion. The characterization we give below does not have this defect. In |39| 
one can find actually two kinds of characterizations: the first makes use of extending 
the positive definiteness condition (PD) so as to get a spatial extension, the second 
is just a test, rather complicated to state it in this paper. Here we describe the first 
approach. Instead of stating it formally we explain the idea behind the result by a 
sequence of three drawings, they refer to the cyclic case when (PD) can be though of 
as (MPD). Only Picture 2 needs some comment. It refers to the situation of positive 
definiteness (MPD) defined on Z x Z. In this case we get a solution and the extra 
conclusion that the measure involved does not have in its support. 



71 










Figure 1. Halmos positive definiteness: too little 



n 



Figure 2. Very extended positive definiteness: too much 
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Figure 3. 'Half plane' extended positive definiteness: that's it! 



The example. The most spectacular example of the theory is the creation 
operator of the quantum harmonic oscillator; this was notified explicitly for the first 
time in [20j . This operator has many faces. Before we describe them here let us 
mention that from the abstract point of view they are indistinguishable: precisely 
any of them is the weighted shift with the weights (t„ = \/n + 1 in a particular 
Hilbert space and with respect to particular orthonormal basis; the adjoint acts as 
a backward shift according the usual rule. The creation operator is not only so 
prominent example but also belongs to the family of the best behaving subnormal 
operators. Among the pleasant features of the creation operator S we mention: 

1° V{S) = V{S*), this rounds up 

2° S has 'enough' analytic vectors; 

3° S enjoys the uniqueness property; 

4° S has a 'full' analytic model; 

5° it is determined by its selfcommutator. 

The collection of models we are going to present in brief below shows on how 
many diverse and concrete ways this abstractly defined operator can be realized, 
look also at |53j . 

jC^(IR) model. The oldest model of the quantum harmonic oscillator couple, the 
creation and the annihilation operator, is 

considered in £^(M) with = 'D{S^ ) = lin(ft,„)^g where is the n-th Hermite 
function 

/i„ = 2-"/2(n!)-i/2^-i/4e-V2^^ 
with Hm the n- Hermite polynomial, defined as 

in 

H^ia:)^i-ire^'—e-^\ (29) 

Analytic model: multiplication in the Segal-Bargmann space. An analytic model 
of the quantum oscillator is in yl^(exp(— jzp dxdy), called the Bargmann-Segal 
space - cf. |30|, [2]. which is composed of all entire functions in £^(exp(— |zp dxdy)) 
and is, in fact, a reproducing kernel Hilbert space with the kernel (z, w) i-^ exp(zui). 



NORMALS, SUBNORMALS AND AN OPEN QUESTION 



19 



The standard orthonormal basis {e„}^Q in the space y^^(exp(— |zp) dxdy) is com- 
posed of monomials 

e„ = zeC, ?7. = 0, 1,... 

V nl 

Set Vq ~ hn(e„)5^Q. Then the operators S and defined as 

Sf{z)^zf{z),zeC, 5^/ = ^/, f eV{S) = V{S'')^Vo 

dz 

are the creation and the annihilation operators. 

Notice that £^(exp(— |zp dxdy) is the natural extension f ^^(exp(— |zp) dxdy) 
and the creation operator S, which is the operator of multiplication by the inde- 
pendent variable, extends to the operator which acts in the same way in the larger 
space. Because the latter operator is normal, the creation operator is a subnormal 
operator. The annihilation operator, is the projection of the operator of multipli- 
cation by z in £^(exp(— |zp dxdy) to the Segal-Bargmann space. 

The unitary equivalence between £^(R) and yl^(exp(— |zp dxdy) and its inverse 
can be implemented by integral transforms, called Bargmann transform, whose 
kernels comes from the generating function of the Hermite polynomials, see |17| for 
more details on this and for a little piece of history. The Bargmann transform can 
be used also, via CoroUarv fTTl to argue that the creation in £^(R) is subnormal, 
this is parallel to other arguments. 

Analytic model: not very classical. The Hermite polynomials, defined as in 
([29)) . are now considered as those in a complex variable. Let < ^ < 1. Then 

/ i/™(x-l-iy)i/„(x-iy)exp [- {1 - A)x^ " (t " l)?/^] da;dy = 6„(^)(5™,„ 

where 

ny/A ,1 + A.n 

Introducing the Hilbert space Xa of entire functions / such that 
/ \f{x + iy)\^ exp [Ax^ - ^y^] dxdy < oo 

and defining 

h^{z) = b,Mr'^'(^'''^'H,,{z), zee 

it was shown in |13| that {/ij^jj^o orthonormal basis in Xa- From the algebraic 
relation Hn+i = 2zHn — H^^ we get directly 



x/^Ci = y ^^^^ [^h^ ~ K)'\ 
Set Va = hn(/i^)5^Q. The operators Sa and S\ defined as 



z e C, / e Pa 

are the creation and the annihilation operator in Xa, cf. |48| . 

It is interesting to notice that this model realizes a kind of 'homotopy' for 
the quantum harmonic oscillator between the C?(JS) model and that in the space 
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A^{exp{—\z\'^) dxdy) which are both achieved as < ^ < 1 tends to its two ex- 
tremities, cf. |48j . 

Discrete model. The Charher polynomials {C'i°''}J^Q, a > 0, are determined 

by 



x)- 

n 

Tl = 



They are orthogonal with respect to a nonnegative integer supported measure ac- 
cording to 

°° —ax 

y^C^-){x)Ci^\xf-^ = <5™„a"n!, m,n = 0, 1, . . . . 
^-^ x\ 

Define the Charlier functions (or, rather, the Charlier sequences) c\i \ ri = 0, 1, . . . 
in discrete variable x as 

c(f)(x) = a"* (r^!)-^C^'')(a;)e-^a^(x!)-^ for a; > 0. 

As we know from |47j so defined Charlier sequences satisfy 

(x\ - I ^ - 1) - V^ci"' (x) X > 1 
+ x = 

Therefore, the operator Sa defined as 



iSaf)ix)' 



('V^/(x-l)- X>1 
\-V^f{x) x = 



with domain 'D(Sa) =lin{ci'''' : n = 0, 1, . . .} is the creation. The annihilation op- 
erator is defined again as a finite difference operator 



iS^f){x) = ^/^TT/(x• + 1) - V^fix), X = 0, 1, . . . 

In |47j one can find an analog of Bargmann transform for this model as well. 

Plays with the commutation relation. Remark at 5°, p. I18i has to be developed 
a little bit more. It suggests the creation operator is in sense exceptional. It is 
clear the creation operator S and its formal adjoint 5*^, the annihilation operator, 
satisfy the canonical commutation relation of the quantum harmonic oscillator 

S'^S'-55^=/. (30) 

This relation has a rather formal appearance but after giving it a proper meaning 
makes the way back possible, cf. |49j . Roughly, an operator 5 in a separable Hilbert 
space is a creation operator if (and only if) it satisfies (|30p properly understood, is 
subnormal and has the uniqueness extension property. 

Another unprecedented feature the creation operator may be proud of is that 
it is uniquely determined as the only operator within the class of weighted shifts 
for which its translate(s) is still there, cf. [40j and also |51j where the role of the 
discrete model in i'^ is fully explained. 
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The question. It is clear tliat a 'suboperator' of a subnormal operator is by 
definition subnormal too. The problem is to what extend the converse holds true. 
More specifically. 

if every Sf, for / G 2?(S'), is subnormal, is so S7 (^) 
It is so in (Jt) for bounded operators, see [21L 160] . In the unbounded case this is 
true if ^{S) = A{S), the analytic vectors of 5", see |33| . Replacing analytic vectors 
by vectors of determinacy, as in part (a') of Theorem[33lleads to the positive answer 
provided (|27|) holds; here extra conclusion appears. However, condition (p7|) itself 
is sufficient for (^) to be true, see |44j and Theorem 4 in |55] . It is also answered 
in positive when cyclic portions Sf are replace by, so to speak, 2-cyclic ones, see 
|39j and |55| . Our beheve is the problem is a kind of selection one, see [55] for 
more discussion in this matter. All this supports the conjecture that it is 'yes' at 
large. Who knows? 

The end 

Missing topics. As always happens when one wants to write a survey of 
moderate length and the material is of considerable size the problem of selection 
becomes unavoidable. This has happened here as well. Among the topics which 
are absent we mention two. 

Lifting commutant. The only thing we can do right now is to direct to [32j . 
|23j and [22j where further references can be found. 

Analytic models. Analytic models for unbounded operators are exhaustively 
presented in [36] : their relation to subnormality is also there. Analytic models are 
intimately associated with reproducing kernel Hilbert spaces, cf. |50j and [52j . 
Let us mention that from this point of view the question of subnormality can be 
roughly rephrased as the problem of integrability of those space. More precisely, 
when a reproducing kernel Hilbert space composed of analytic functions can be 
isomctrically imbedded in an £^ space. It is clear that the Dirichlet space is not 
such. 

Some final words. This is a story of unbounded subnormality as it has been 
more or less developed until now. This is also an open invitation to take part in 
its continuation. Impressionism as understood in painting^ and music at the turn 
of the 19th and 20th century does not happen too often in mathematical writing. 
Let me keep an 'impression' this is my venture. 

References 

1. T. Ando, Matrices of normal extensions of subnormal operators, Acta Sci, Math, (Szeged), 
24(1963), 91-96. 

2. V. Bargmann, On a Hilbert space of analytic functions and an associated integral transform, 
Comm. Pure Appl. Math., 14(1961), 187-214. 

3. G.Biriuk and E.A. Coddington, Normal extensions of unbounded formally normal operators. 
J. Math. Mech. 13 1964 617637. 

4. M.S. Birman and M.Z. Solomjak Spectral theory of self- adjoint operators in Hilbert space , D. 
Reidel Publishing Company, Dordrecht, Boston, Lancaster, Tokyo, 1987. 

5. E. Bishop, Spectral theory of operators on a Banach space, Trans. Amer. Math. Soc, 
86(1957), 414-445. 



•^^ An excerpt from 1611 : 'The style aims at defining a natural yet visually innovative use of 
light and color.' 



22 



F.H. SZAFRANIEC 



6. J. Bram, Subnormal operators, Duke Math. J, 22(1955), 75-94, 

7. A. Brown, On a class of operators, Proc. Amer. Math. Soc, 4(1953), 723-728. 

8. D. Cichon, Jan Stochel and F.H. Szafranicc, How much indeterminacy may fit in a moment 
problem. An example, submitted. 

9. E.A. Coddington, Formally normal operators having no normal extension, Canad. J. Math., 
17(1965), 1030-1040. 

10. , Extension theory of formally normal and symmetric subspaccs. Memoirs of the Amer- 
ican Mathematical Society, No. 134. American Mathematical Society, Providence, R.I., 1973. 

11. J.B. Conway, The theory of subnormal operators, Mathematical Surveys and Monographs, 
Providence, Rhode Island, 1991. 

12. J. Dieudonne, Treatise on analysis vol. II, Academic Press, New York and London, 1970. 

13. S.L.L. van Eijndhoven and J.L.H. Meyers, New orthogonality relations for the Hermite poly- 
nomials and related Hilbert spaces, J. Math. Ann. AppL, 146(1990), 89-98. 

14. C. Foia§, Decomposition en operateurs et vectcurs propres. I. Etudes de ces decompositions 
et leurs rapports avec Ics prolongements des operateurs. Rev. Roumaine Math. Pures AppL, 
7(1962), 241-282. 

15. J. Friedrich, A note on the two dimensional moment problem. Math. Nach, 121(1985), 285- 
286. 

16. B. Fuglede, The multidimensional moment problem. Expo. Math., 1 (1983), 47—65. 

17. B.C. Hall, Holomorphic methods in analysis and mathematical physics, Contemp. Math., 
260(2000), 1-59. 

18. P. Halmos, Normal dilations and extensions of operators, Summa Brasiliensis Math., 2 (1950), 
125-134. 

19. S. Hassi, H.S.V. de Snoo and F.H. Szafranicc, Componentwise decompositions and Cartesian 
decompositions of linear relations, submitted. 

20. A.S. Holevo, Probabilistic and statistical aspects of quantum theory, North-Holland, Amster- 
dam - New York - Oxford, 1982. 

21. A. Lambert, Subnormality and weighted shifts, J. London Math. Soc, 14(1976), 476-480. 

22. W. Majdak, Z. Sebestyn, J. Stochel and J.E. Thomson, A local lifting theorem for subnormal 
operators, Proc. Amer. Math. Soc. 134(2006), 1687-1699. 

23. W. Majdak, A lifting theorem for unbounded quasinormal operators, J. Math. Anal. Appl. 
332(2007), 934-946. 

24. M.A. Naimark, On a representation of additive set functions, C. R. Doklady Acad. Sci. URSS, 
41(1943), 359-361. 

25. E. Nelson, Analytic vectors, Ann. Math. 70 (1959), 572-615. 

26. A.E. Nussbaum, Quasi-analytic vectors. Ark. Mat. 6(1965). 179-191. 

27. G. McDonald and C. Sundberg, On the spectra of unbounded subnormal operators. Can. J. 
Math., 38(1986) 1135-1148. 

28. S. Ota, Closed linear operators with domain containing their range, Proc. Edinburgh Math. 
Soc, 27(1984), 229-233, see also the MathSciNet review # MR760619 (86e:47002). 

29. , On normal extensions of unbounded operators, Bulletin of the Polish Acad. Sci. 

Math., 46(1998), 291-301. 

30. I.E. Segal, Mathematical problems of relativistic physiscs, Chap. IV in 'Proceedings of the 
Summer Seminar', Boulder, Colorado 1960, vol II, ed. M. Kac; Lectures in Applied Mathe- 
matics, AMS, Providence, RI, 1963. 

31. J. A. Shohat and J.D. Tamarkin, The problem of moments, Amer. Math. Soc. CoUoq. Publ. , 
vol. 15, Amer. Math. Soc, Providence, R.I., 1943 

32. Jan Stochel, Lifting strong commutants of unbounded subnormal operators. Integral Equations 
Operator Theory, 43 (2002) 189214. 

33. Jan Stochel and F.H. Szafranicc, A characterization of subnormal operators. Operator Theory: 
Advances and Applications, 14(1984), 261-263. 

34. , On normal extensions of unbounded operators. I, J. Operator Theory, 14(1985), 

31-55. 

35. , On normal extensions of unbounded operators. II, Acta Sci. Math. {Szeged), 

53(1989), 153-177. 

36. , On normal extensions of unbounded operators. HI. Spectral properties, Publ. RIMS, 

Kyoto Univ., 25(1989), 105-139. 



NORMALS, SUBNORMALS AND AN OPEN QUESTION 



23 



37. , The normal part of an unbounded operator, Nederl. Akad. Wetensch. Proc. Ser. A, 

92(1989), 495-503 = Indag. Math, 51(1989), 495-503. 

38. , A few assorted questions about unbounded subnormal operators, Univ. lagel. Acta 

Math., 28(1991), 163-170. 

39. , The complex moment problem and subnormality: a polar decomposition approach, 

J. Fund. Anal., 159(1998), 432-491. 

40. , A pecuUarity of the creation operator, Glasgow Math. J., 44(2001), 137-147. 

41. , Unbounded operators and subnormality, monograph in preparation. 

42. F.H. Szafraniec, Dilations on involution semigroups, Proc. Amer. Math. Soc, 66(1977), 30-32. 

43. , A RKHS of entire functions and its multiplication operator. An explicit example, 

Operator Theory: Advances and Applications, 43, 309-312, 1990. 

44. , Sesquilinear selection of elementary spectral measures and subnormality, in Elemen- 
tary Operators and Applications, Proceedings, Blaubeuren bei Ulm (Deutschland), June 9-12, 
1991, ed. M.Mathieu, pp. 243-248, World Scientific, Singapore, 1992. 

45. , The Sz.-Nagy "theoreme principal" extended. Application to subnormality. Acta Sci. 

Math. (Szeged), 57(1993), 249-262. 

46. , A (little) step towards orthogonality of analytic polynomials, J. Comput. Appl. Math., 

49(1993), 255-261. 

47. , Yet another face of the creation operator, Operator Theory: Advances and Applica- 
tions, 80, pp. 266-275, Birkhuser, Basel, 1995. 

48. , Analytic models of the quantum harmonic oscillator, Contemp. Math., 212(1998), 

269- 276. 

49. , Subnormality in the quantum harmonic oscillator, Commun. Math. Phys., 

210(2000), 323-334. 

50. , The reproducing kernel Hilbert space and its multiplication operators, in Operator 

Theory: Theory and Applications, vol. 114, pp. 253-263, Birkhauser, Basel, 2000. 

51. , Charlier polynomials and translational invariancc in the quantum harmonic oscillator, 

Math. Nachr., 241(2002), 163-169. 

52. , Multipliers in the reproducing kernel Hilbert space, subnormality and noncommuta- 

tive complex analysis, Oper. Theory Adv. Appl., 143(2003), 313-331. 

53. , How to recognize the creation operator, Rep. Math. Phys., 59(2007), 401-408. 

54. , On normal extensions of unbounded operators. IV. A matrix construction, Oper. Th. 

Adv. Appl, 163, 337-350, 2005. 

55. , Subnormality and cyclicity, Banach Center Publications, 67(2005), 349-356. 

56. B. Sz.-Nagy, Spektraldarstellung linearer Trans formationen des Hilbertschen Raumes, 
Springer Verlag, Berlin, 1942. 

57. , Extensions of linear transformations in Hilbert space which extend beyond this space. 

Appendix to F. Riesz, B. Sz.-Nagy, Functional Analysis, Ungar, New York, 1960 

58. , Unitary dilations of Hilbert space operators and related topics. Appendix no. 2 to F. 

Riesz, B. Sz.-Nagy, Functional Analysis 2nd Russian edition (extended), Izdat "Mir", Moscow 
1979. 

59. J. Weidmann, Linear operators in Hilbert spaces. Springer- Verlag, Berlin, Heidelberg, New 
York, 1980. 

60. T.T. Trent, New conditions for subnormality, Pacific J. Math., 93(1981), 459-464. 

61. |http: / /libraryithinkquest .org/ COl 11578 / nsindex.html | 

Instytut Matematyki, Uniwersytet Jagiellonski, ul. Lojasiewicza 6, 30 348 Krakow, 
Poland 

E-mail address: umszafra{Bcyf -kr . edu.pl 



